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bstract

The electromechanical coupling behaviour of a novel, highly coiled piezoelectric strip structure is developed in full, in order to expound its

erformance and efficiency. The strip is doubly coiled for compactness and, compared to a standard straight actuator of the same cross-section, it is
hown that the actuator here offers better generative forces and energy conversion, and substantial actuated displacements, however, at the expense
f a much lower stiffness. The device is therefore proposed for high-displacement, quasi-static applications.

2006 Elsevier B.V. All rights reserved.
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. Introduction

Piezoelectric ceramics, such as lead zirconium titanate, or
ZT, are well known for their actuation and sensing proper-

ies, as found in “smart” transducers where devices can actively
espond to, and correct for, potentially damaging loads. This
ual functionality derives from the electromechanical coupling
ehaviour of piezoelectric, which can be expressed in terms of
niversal material parameters [1] or coefficients pertaining to
he shape of a specific device [2]. The latter are especially use-
ul, for they enable transparent measures of transducer efficiency
nd performance [3] but studies have been confined to prismatic
hapes commensurable with commercially available structures.
ecent advances in ceramics processing has, however, enabled

he means to produce a diversity of shapes [4], in particular, ini-
ially coiled strips, expeditious in the amplification of naturally
mall activation strains. Solutions include spirals and helices
5,6], and elegant super-helical forms [7] where the strip fol-
ows a doubly curved tortuous path described eponymously as
coiled coil. The strip is coiled locally around a larger curved
ath, which is flat in the case of a toroidal coiled coil or is

elical in the case of multiple turns, as reproduced from [7] in
ig. 1(a) and (b), respectively. During activation, the degree of
oiling increases, and magnifies displacements along the axis
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f curving of the larger path up to 25% of its radius for each
urn of path, according to the provisional assessment in [7].

ithin the realm of solid-state actuation, these displacements
re significant but they must be set against wider mechanical
nd electrical performance ranges, and demands an exposition
f the full coupling behaviour. Its development is carried out
ere and is underpinned, first, by a review of the application of
iezoelectric material to strip-like structures. Although devel-
ped for initially straight strips, the process is extended to coiled
tructures under key assumptions, which are discussed in detail.
reviously defined performance measures are used to charac-

erise the efficiency of the coiled coil, and results are compared
o a straight cantilever strip, for extra clarity. The overall effort
s entirely theoretical and is intended to complement the design
f future actuators; but it is also timely in light of the very recent
iscovery of nano-scale piezoelectric helices [8], and the meth-
ds presented here may enable the inventors to quantify their
erformance – as they propose – as nano-scale actuators and
ensors.

. Coiled bimorph strip behaviour

Consider the straight structure in Fig. 2(a) with two equal
ayers of piezoelectric material, each with top and bottom elec-

rode surfaces of negligible thickness, but each sharing a central
lectrode. The piezoelectric layers, of thickness t, are thin com-
ared to their width, w, and narrow compared to their length, L,
nd it is argued [1] that their constitutive response is adequately

mailto:kas14@cam.ac.uk
dx.doi.org/10.1016/j.sna.2006.04.016
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ig. 1. Types of super-helix, or “coiled coil”, reproduced from [7] whose size c
ifferent sizes and multiple turns.

escribed by a pair of relationships in terms of axial parameters
lone:

= sE11σ + d31E3, (1a)

= d31σ + eT
33E3. (1b)

he symbols ε and σ refer to normal strain and stress where
longation and tension are positive quantities. The elastic com-
liance is sE11 but under “short circuit” conditions, as if the top
nd bottom electrodes in each strip were connected to each other
y a length of wire. Activation is wrought by application of an
lectric field, E3, via the electrodes in the through thickness, or
3”, direction, and the piezoelectric charge constant, d31, refers
o its effect in the axial, or “1”, direction. The electric “displace-

ent”, D, is used to find the total charge stored in the strip and
T
33 is the dielectric constant under zero stress. Other activation
odes are possible, but only under different electrode lay-ups,

nd are excluded from study here.
During activation, independent electric fields give rise to

eparate controllable expansions of each layer, and is known
amiliarly as a bimorph operation: a continuity of strains across
he overall depth causes bending or stretching or both. As in
7], the layers endure opposing electric fields to maximise the
egree of bending and, in Fig. 2(a), the central electrode is set
o V volts whilst the outer potentials are set to be the same –

sually zero for safety, assuming that the directions of material
olarisation in both layers are the same. Actuated displacements
herefore derive from the aggregation of bending strains and,
hus, a formalised structural response of the strip with both lay-

s

σ

ig. 2. Operation of an initially straight piezoelectric bimorph strip: (a) geometry, ma
eparated by an electrode at potential V, with two outer surface electrodes held at zer
ross-sections carry the same bending moment, M, but only the two end sections are
compared to British coins: (a) a flat toroidal coiled coil; (b) two coiled coils of

rs considers equal and opposite moments, M, applied to the ends
f strip, which foist a uniform change in curvature, κ, of its mid-
lane, as shown in Fig. 2(b). The integral effect of the parameters
n Eqs. (1a) and (1b) can now be computed, specifically, for any
xial fibre at a general height, z, above the mid-plane, the strain
s zκ and, from Eq. (1a), the bending stress resultant is found by
ntegrating the turning effect of σ across both layers, accounting
or the correct direction of electric field, and is set equal to M.
he final compact expression is

= 12sE11M

wt3 + 3d31E3

t
, (2)

nd is the generalised Hooke’s law for bending of a bimorph
trip, for it governs the behaviour under any loads whereby M
nd κ are the local values of bending moment and curvature.
ote that, when no moment is applied, a positive electric field

nduces positive curvature.
In order to determine the commensurate electrical response,

t is usual to assume that D in Eq. (1b) is uniform across the
idth for a single thin layer, and the charge per unit length, q,

an be found from [9]:

= w

h/2

∫ t/2

0
D dz. (3)

his calculation is performed by first re-arranging Eq. (1a) and

ubstituting zκ for ε, with κ from Eq. (2), to give:

= 12Mz

wt3 + d31E3

sE11

[
3z

t
− 1

]
, (4)

terial polarisation and electrical activation. There are two equal thickness strips
o volts; (b) deformed mid-plane surface of strip with uniform curvature, κ; all
shown for clarity.
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hich is then inserted into Eq. (1b):

= d31
12Mz

wt3 + eT
33E3

[
1 − k2

31

(
1 − 3z

t

)]
, (5)

here k2
31 has replaced d2

31/s
E
11e

T
33. Eq. (5) is substituted for D

n Eq. (3) and integrated over the depth of a single layer for q
n terms of M and E3, which is then doubled for a bimorph, to
eveal:

= 6d31M

t2 + 2weT
33E3

[
1 − k2

31

4

]
. (6)

inally, for compactness, Eqs. (2) and (6) can be re-cast as the
ollowing matrix equation:

κ

q

]
=
[

12sE11/wt3 3d31/t

6d31/t2 2weT
33[1 − (k2

31/4)]

][
M

E3

]
. (7)

ote that the matrix elements do not depend on length, so
hat κ, M, q and E3 can be described uniquely along the strip
or non-uniform load cases. For example, for a bimorph can-
ilever built-in at the root and loaded at its tip by a vertical
orce, F, the bending moment, M(x), at a distance, x, from the
oot is F(L − x), and the change in curvature is approximately
he double derivative of transverse displacements with respect
o x. Substituting into the first line of Eq. (7) and integrating
wice under the proper boundary conditions at the root produces
general displacement–force–field relationship, which can be

pecified, say, in terms of the tip displacement, δ, for it charac-
erises the mechanical output of the transducer; in addition, the
otal charge, Q, can be found by a similar process of integration,
he electric field is written via the actual potential difference
cross each layer from V = E3t/2, and the matrix above can be
ommuted to a more definite form:

δ

Q

]
=
[

A B

B C

][
F

V

]
, (8)

n which:

= 4sE11

w

(
L

t

)3

, B = 3d31

(
L

t

)2

,

= 4weT
33

[
1 − k2

31

4

](
L

t

)
. (9)

t
p
s

ig. 3. (a) Schematic of strip-like coiled coil; (b) distinction between the larger helica
oth helical paths are right-handed.
ors A 133 (2007) 486–492

oefficients similar to the above are obtained in [2] where the
ifferences are due to the definition of voltage potential. Other
oad responses are also divined, but the explicit form described
y Eq. (7) is most instrumental in elucidating the coiled coil
esponse. First, careful consideration is paid to its geometry,
hich is displayed schematically in Fig. 3.
The strip clearly coils in a localised manner, forming a

elical path that wraps up into another helix. As in practi-
al structures, both helices are shown as being right-handed
hroughout, but left-handedness simply reverses the direction
f positive quantities. If the strip is very thin, then the change in
ocal curvature has the same response as a straight strip, other-
ise, so-called through-thickness effects begin to pre-dominate
uring activation, and the response needs to be modified. A
ull treatment [10] concludes that the thickness must be, at
east, an order of magnitude smaller than the local helical
adius for no change in the expected behaviour, and is assumed
ere.

During activation, equal and opposite tensile axial forces, F,
re applied to the structure, Fig. 4(a), giving way to a relative
isplacement, δ, between its ends in the same direction. These
arameters are presumed to be concentric to ensure a unifor-
ity of deformation around the larger helical path: the axial

orce could be applied physically to either end of the coiled coil
y short lever arms. Even so, a formal solution of the struc-
ural behaviour for all possible initial geometries is likely to
e difficult, given the geometrical complexity and the lack of
losed-form solutions explicitly relating F and δ in analogous but
impler problems of ordinary coiled springs [11]. A more trans-
arent approach, however, utilises the following assumptions
ased on actual coil geometries [7], and it results in relatively
traightforward and separate treatments of equilibrium and com-
atibility. In particular, the larger helix has a much greater radius,
enoted as b, than the radius, a, of the local helical path, and
oth helices are closely coiled during winding. The associated
ngle of inclination, or pitch, of the larger helix is practically
ero and, accordingly, any small portion of the coiled coil has
egligible toroidal curvature. The axis of the smaller helix can
herefore be treated as being straight, and changes in curvature
long the strip do not distort the radius of the larger path. From
verall moment equilibrium with the applied load, Fig. 4(b),

he twisting torque acting everywhere along the larger helical
ath is simply Fb. It is also clear from Fig. 4(b) that a vertical
hear force, F, acts across the smaller helix, which is carried

l path (grey) and the smaller, localised helical path (black). In both sub-figures,
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ig. 4. Equilibrium response of a general coiled coil under axial force F. For a c
ight and of radius, a, approximately carry a vertical shear force, F, and a torqu

y a combination of bending, twisting and shearing along the
trip; for present purposes, its effect upon overall deformation
s discounted although a more in-depth study is needed to rein-
orce this point. Denoting the smaller helix pitch angle as β,
he bimorph cross-section everywhere carries the torque as a
onventional bending moment, Fb cos β, and a normal twisting
orque, Fb sin β; but under small β, the latter component is negli-
ible, and former is approximately set to Fb, which now equates
o M in Eq. (7).

The relationship between δ and κ can be solidified from the
ompatibility description in Fig. 5. A single turn of the larger
elical path, initially flat under the close-coiled assumption,
ust deform uniformly into another helix by symmetry, of the

ame radius, b, and having a relative displacement D between
ts ends. For N turns, δ = DN. Under pure bending activation, the
rc-length of the smaller helix wrapped around this single turn
s conserved: and if the angle subtended by the path increases
rom θ to θ + �θ, where �θ is a relatively small change, it can
e shown that κ = �θ/aθ. The axial displacement under �θ is
imply b�θ and can be verified by integrating the product of
quivalent twist rate, �θ/2πb shown as φ in Fig. 5(b), and lever
rm, b, around the turn. From simple helical geometry, θ is equal
o 2πb/a tan β, and can be combined with the above information
o yield, ultimately:

δβ
=
2πb2N

, (10)

nd tan β ≈ β for small angles. This expression is substituted
n the first line of Eq. (7), along with M = Fb and V = E3t/2, to

s
a
i
b

ig. 5. Compatibility requirements for the larger helical path of coiled coil: (a) initial,
ue to uniform twist-rate, φ, along the circumferential length, resulting in a vertical d
ess of initial coiling, all radial planes of the smaller helical path, shaded on the
where b is the larger helical radius.

roduce:

=
[

24πNb3sE11

βwt3

]
F +

[
12πNb2d31

βt2

]
V. (11)

ince the bending moment is uniform throughout, there is no
ariation in the charge density, q, so that the total charge, Q,
ultiplies q by the arc-length, s, of the coiled coil, (aθ/cos β)N
ith θ defined above, and the second line of the previous matrix
ecomes:

= qs =
[

12πNb2d31

βt2

]
F +

[
8πNweT

33b

βt

(
1 − k2

31

4

)]
V.

(12)

inally, re-casting Eqs. (11) and (12) in the matrix form of Eq.
8), then its coefficients are

= 24πNsE11

βw

(
b

t

)3

, B = 12πNd31

β

(
b

t

)2

,

= 8πNweT
33

β

[
1 − k2

31

4

](
b

t

)
. (13)

erms equivalent to B and to B/A are derived in [7] but by sep-
rate calculations of the freely actuated displacement and the
orce required to nullify, or “block”, displacements; no general

tructural or electrical behaviour is formulated. When the small
ngle assumption is not relaxed, the blocking force offered here
s the same as in [7]; but their B term differs slightly by virtue of
eing proportional to 2πN + sin 2πN rather than 2πN alone. The

flat configuration, assuming negligible pitch angle; (b) helically deformed path
isplacement, D, for each turn of path.
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eason is due to different boundary conditions; here, the rota-
ional symmetry of the deformed larger helical path is met by
change in slope at both ends (indeed, everywhere), but in [7],
ne of the ends is rigidly fixed, and the axis of the larger path
ust deviate during deformation, causing a sinusoidal pertur-

ation in displacements when they are measured in the vertical
irection.

Having established the electromechanical coupling
ehaviour, it is now possible to quantify most aspects of
he device operation, and is expedited by the general matrix
escription in Eq. (8) and compared to the tip-loaded straight
imorph, as noted before. The following section considers two
istinct features: first, the general structural response in view
f the raw mechanical output, as defined by the properties
mbued in the first line of Eq. (8); second, the efficiency of
evice, which draws on the mechanical and electrical energy
erformances, and must consider all matrix terms.

. Performance and efficiency

Several performance characteristics can be defined for a
echanical actuator, and the reader is referred to [12] for
ore detail. They depend fundamentally upon the properties

f compliance (or stiffness), freely actuated strain, and gener-
tive force, which can be interpreted from the previous matrix
oefficients in a more precise way. The structural compliance
s A (m/N), the freely actuated displacement is BV (m), and
ne measure of the generative force is the blocking force under
ero displacement, and is −BV/A (N). Another useful prop-
rty is the natural frequency, f, which is estimated by assuming
hat all of the mass, m, moves in unison, as in an elementary
umped mass-spring analogy in which f ≈ √

1/Am/2π (Hz),
/A being the equivalent spring stiffness. The results are sum-
arised below by defining ratios for each property between

he coiled coil and straight strip using the coefficients from
qs. (13) and (9), and denoting with the subscripts “cc” and
str”, respectively: identical piezoelectric material properties
nd activation levels for both structures should also be assumed.
ote that the mass is proportional to the arc-length of structure,

qual to (πN/β)2b for the coiled coil and to L for the straight
trip:

ompliance ratio :
Acc

Astr
= 3

4

πN

β

(
2b

L

)3

(14a)

ree displacement ratio :
Bcc

Bstr
= πN

β

(
2b

L

)2

(14b)

locking force ratio :
Bcc/Acc

Bstr/Astr
= 4

3

(
L

2b

)
(14c)

atural frequency ratio :

√
Astrmstr = 2√ β

(
L
)2

.

Accmcc 3 πN 2b

(14d)

he common terms πN/β and 2b/L define relative geometrical
eatures. The more straightforward latter term indicates the pla-

S
b
f
i

ors A 133 (2007) 486–492

ar size between structures whilst the former is a “compactness”
arameter, for it is strictly the arc-length of strip per unit width of
he larger helical path, and typically lies in the range 10–20 for
ach turn of path for small β. It amplifies geometrically depen-
ent properties, as can be seen above, such as the freely actuated
isplacement and the mass, as well as the ordinary elastic dis-
lacements and, hence, the compliance that, in turn, leads to a
maller natural frequency of the coiled coil. Only the blocking
orce ratio is independent of the number of turns, N, for the
eacting bending moment is carried uniformly at the level of the
mall helix; and for “same size” devices, where L = 2b, the ratio
s 4/3 in favour of the coiled coil since the bending moment in
he straight strip is not uniform but increases from zero at the tip
o a maximum at the root.

The electrical performance of the coiled coil is now con-
idered in view of its efficiency, i.e. its ability to convert input
nergy into useful mechanical work. The enabling electrome-
hanical coupling behaviour has one drawback in this respect,
or both elastic strain energy due to the build-up of stresses and
lectrical energy due to the capacitative nature of the material
re stored. Therefore, not all of the input energy is available
or performing output mechanical work compared to conven-
ional but ideal transducers, and the efficiency levels are expected
o be small. However, the potential for output work can be
xtracted from contrived operational scenarios, for the sake of
ransparency. One historic measure defines the ratio of mechan-
cal energy stored in a strip relative to the electrical energy input
nder uniform clamping conditions, in which axial strains are
revented during application of an open-circuit electric field,
hich draws no current; and from Mason [1], this ratio has the
alue of d2

31/s11e
T
33, denoted as k2

31, cf. Eq. (5). This parameter
s quoted by piezoelectric manufacturers as one of the funda-

ental coupling coefficients, for the uniformity of deformation
nsures a maximum interchange of energies; for the highest
vailable value of k31 of about 0.44 [3], the best response is
pproximately 20%. The final state can be reached by allow-
ng the strip to expand freely under the electric field, which is
eld constant, and then restoring the axial extension to zero by
pplication of an axial force; components of stored energy are
cquired sequentially, which shortens their analytical determi-
ation. The response of a coiled coil (and straight strip) can
e pursued under similar clamping conditions. The presenta-
ion follows from [2] and is again normalised by the use of the
revious matrix coefficients: the blocking force and freely actu-
ted displacements in the following are denoted by F0 and δ0,
espectively.

The electrical work performed by the source in transferring
charge, Q, at voltage V to the bimorph is 0.5QV from elemen-

ary physics. Upon substituting for Eq. (8), the electrical energy,
elect, directed into moving the displacement to δ0 is

elect = 1
2 [BF + CV ]V. (15)
ince the external force is zero, Uelect = 0.5CV2, and the actuator
ehaves, electrically, as a pure capacitor. No current is drawn
rom it and the total charge and Uelect remain invariant. A force
s then applied to restore the original extension to zero, and the
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λmax ,str =
9k2

31

1 −
4

− 1−
16

. (27b)

Again, the results do not contain geometric parameters and they
are compared in Fig. 6 up to the practical limit of k31 = 0.44. As
K.A. Seffen / Sensors and A

lastic energy now stored in the device is calculated from

elastic =
∫ 0

δ0

F dδ, (16)

here

= 1

A
[δ − BV ], (17)

rom the first line of Eq. (8). Inserting into Eq. (16) and perform-
ng the integration:

elastic = 1

2

B2

A
V 2 = −1

2
F0δ0, (18)

hich is the magnitude of the area under the graph of F versus δ

etween zero and δ0, and the elastic strain energy gained by the
evice is equal to the work done by the external force. Returning
o the form in Eq. (18), an electromechanical coupling coefficient
or the device, k2, can be defined as

2 = Uelastic

Uelect
= 1/2(B2/A)V 2

1/2(CV 2)
= B2

CA
, (19)

nd substituting for the terms A, B and C with Eqs. (13) and (9),
he respective expressions for a coiled coil and straight strip are

2
cc = 3

4

k2
31

[1 − (k2
31/4)]

, (20a)

2
str = 9

16

k2
31

[1 − (k2
31/4)]

. (20b)

ote that both ratios do not contain any geometric terms. The
3% increase in value offered by the coiled coil is due solely to
he uniform bending moment everywhere and optimal distribu-
ion of the elastic strain energy cf. the same increase in the previ-
us blocking force ratio. In addition, k2 can never be greater than
he maximum efficiency of the piezoelectric material: indeed, for
coiled coil, the largest difference between efficiencies occurs
hen k2

31 = 4 − 2
√

3 = 0.536 with k2
cc = 0.464. For a maxi-

um practical value of k31 = 0.44, k2
cc is equal to 0.16.

While k2
cc provides a useful comparison to the fundamen-

al coefficient, k2
31 it is a rather hypothetical measure for no

echanical output work is performed under the clamped condi-
ions. Instead, consider a second case of an “unclamped” coiled
oil that performs work against an external but constant force.
t is possible to define an energy transmission coefficient, λ,
oncomitant with the actual output work relative to the input
lectrical energy [13]. If the final displacement of the coiled coil
s δ, the work done is −Fδ, where it is assumed that F is negative
s obviated by the need for positive effort. Replacing δ with Eq.
8) and using Eq. (15), λ may be expressed as

= output work

Uelect
= [AF + BV ]F

0.5[BF + CV ]V
. (21)

or known values of F and V, λ may be found, e.g. if the applied

orce is one half of the blocking force, F = −BV/2A, then:

= [B2/2AC]V 2

[1 − (B2/2AC)]V 2 = k2

2 − k2 , (22)

F
c
t
r
a

ors A 133 (2007) 486–492 491

sing Eq. (19), and is about 8.7% at best for a coiled coil using
q. (20a). Of specific interest, is the combination of F and V that
ives rise to maximum λ, as performed in [3]. Dividing the top
nd bottom lines of Eq. (21) by V2 and denoting F/V as x:

= −2[Ax2 + Bx]

Bx + C
. (23)

ifferentiating λ with respect to x, and setting equal to zero,
orces a pair of negative roots:

= −C

B
±
[
C2

B2 − C

A

]0.5

(24)

nserting the smallest root back into Eq. (23) and using Eq. (19):

max = 2

k2 [2 − k2 − 2(1 − k2)
0.5

], (25)

hich can be re-written as

max = 2

[
1

k2 +
[

1

k2 − 1

]
− 2

[
1

k2

(
1

k2 − 1

)]0.5
]

= 2

[(
1

k2

)0.5

−
(

1

k2 − 1

)0.5
]2

. (26)

ubstituting for k2
cc and k2

str from Eqs. (20a) and (20b), and re-
rranging:

max ,cc = 8

3k2
31

⎡
⎣(1 − k2

31

4

)0.5

− (1 − k2
31)

0.5

⎤
⎦

2

, (27a)

32
⎡
⎣( k2

31

)0.5 (
13k2

31

)0.5
⎤
⎦

2

ig. 6. Comparison of energy transmission coefficients, λ, between a coiled
oil (black) and a straight bimorph (grey). The coefficients measure the ability
o convert electrical input energy into useful mechanical work against a constant
esistive force, and k2

31 is a fundamental material coupling coefficient, which has
maximum value of 0.442.
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xpected, the coiled coil fairs better, transmitting approximately
6% more energy at maximum conditions over the straight
imorph, but only managing a total transfer of around 10% of the
nput electrical energy. The corresponding F/V ratios are given
y Eq. (24) and, after some manipulation, it can be shown that:

(F/V )max,cc

(F/V )max,str
=
(

L

2b

)[
λmax,cck

2
cc

λmax,strk
2
str

]0.5

, (28)

hich has a maximum value of 1.348 when k31 = 0.44, if L is set
qual to 2b: the force generated by a coiled coil under maximum
nergy transfer conditions is approximately 35% more than the
quivalent force for a straight strip of the same size under the
ame levels of activation.

. Conclusions

From an actuation viewpoint, the localised helical curving
f a piezoelectric coiled coil bimorph strip offers two comple-
entary features: the amplification of activated bending strains

nto substantial axial displacements and the development of a
niform bending moment everywhere along the strip under an
xial force for an optimal structural behaviour. Compared to a
ommercially available straight tip-loaded strip, which is not
niformly stressed, the coiled coil generates 33% more block-
ng force, and is 36% more energetically efficient when the
tructures are approximately the same size; freely actuated dis-
lacements increase tenfold and more. The coiled coil has a
uch lower axial stiffness and, due to the substantial arc-length

mbraced by the overall device, its mass also increases dispro-
ortionately and the natural frequency is, at least, an order mag-
itude less—from the properties given in [7], absolute values are
alculated approximately to be around 50–100 Hz. In [12], the
eiling of any forced frequency operation is recommended to be
he natural frequency, otherwise power is consumed thereafter
s the inverse square of the driving frequency and there is risk
f material breakage as displacements are exacerbated at reso-
ance. For these reasons, the coiled coil dynamical performance
as not been detailed, and it is suggested that its operation is lim-
ted to low-frequency applications that demand relatively large
hanges in shape.
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